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Abstract— Previously we proposed a method of uncertainty 

minimization by polynomial chaos expansion (MUM-PCE) 

to quantify and constrain the uncertainty in detailed 

chemical kinetic models.  Here we extend this method to 

include its application in reaction model reduction using the 

Level-of-Importance (LOI) method.  In particular, we 

demonstrate that the uncertainty introduced by the 

reduction process may be defined in conjunction with the 

MUM-PCE method.  Coupled with the overall uncertainty 

of the detailed chemical model as determined by MUM-

PCE, the kinetic uncertainty of a reduced chemical model 

may be quantified, both in terms of the uncertainty in the 

detailed model and that due to model reduction.  

Additionally, the same multi-parameter, comprehensive 

optimization approach used in MUM-PCE may be 

employed to constrain the uncertainty of a reduced model. 

I. INTRODUCTION 

The approach to developing detailed chemical kinetic 
models for fuel combustion involves compiling a set of 
elementary reactions whose rate parameters are 
determined from individual rate measurements, reaction-
rate theory, or, in many cases, estimations from analogous 
reactions.  As chemical models become larger, the number 
of parameters that must be estimated and species that must 
be considered increases.  The number of scalars is usually 
too large to allow computation of realistic combusting 
flows, which are often turbulent, using detailed chemical 
kinetic models [1]. A rigorous means of reducing the 
complexity of the reaction model is therefore needed. 

Traditionally, the accuracy of a reduced or skeletal 
model is ensured by comparing its performance against a 
detailed model [e.g., 2-5]. Without considering the 
uncertainty in the detailed model, this comparison can 
over-constrain the reduction criteria.  In fact, a reduced 
model can be said as accurate so long as it reproduces the 
detailed model within its uncertainty bound.  Of course, to 
make this comparison, the uncertainty bounds of both the 
detailed model and the reduced model need to be 
rigorously quantified. 

This paper summarizes the Method of Uncertainty 
Minimization by Polynomial Chaos Expansion (MUM-
PCE) [6], and details a method for developing a reduced 
chemical kinetic model from a detailed model with 
quantifiable uncertainties.  The PCE method is based on a 
series of earlier work of Najm, Ghanem and coworkers [7-
9].  First, a set of combustion conditions is chosen against 
which the model will be reduced.  An optimization study 
is performed on the detailed model, using ethylene 
combustion as a test case [6]. This optimized model is 
then reduced using the automated level-of-importance 
method (LOI) [3].  To assess the predictive capacity of the 
reduced model, the error introduced by the reduction is 
calculated and used to compare the reduced model 
predictions to those of the detailed model.  The method of 
uncertainty estimation is described here, and is similar to 
the quasi-steady-state approximation (QSSA) error found 
in [10].   

II. METHODOLOGY 

A. Uncertainty propagation 

A set of fundamental combustion data is chosen as 
simulation targets to cover as wide a range of combustion 
conditions as possible.  Active parameters for each 
experiment are identified by a local sensitivity analysis of 
the observables with respect to the reaction Arrhenius pre-
factors.  It is then assumed that the chemical model 
response rη  can be expressed as a polynomial response 
surface with respect to active parameters expressed as 
factorial variables.  For N uncertain rate parameters, the 
response can be described by 
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where xi is a factorial rate parameter variable (-1 ≤ xi ≤ 1).  
The response surface coefficients ai and bij can be 
determined as described in [11, 12].  Uncertainty in the 
model prediction due to the rate coefficients can be 
determined by treating each of them as a lognormally-
distributed random variable, independent of all the others, 
with 2σ-uncertainty defined by the uncertainty factor fi.  
This is equivalent to 
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where ξi is a unit-normal random variable.  If a more 
sophisticated description of the rate parameters is desired, 
x can be described as a polynomial in ξξξξ,  
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which can be propagated into (1) to yield a stochastic 
representation of rη , 
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where the coefficient vector α̂ and β̂ can be calculated 
from the response surface equation.  Equation (4) can then 
be used to calculate the predicted uncertainty by taking its 
expected value. Therefore, if the variation of the factorial 
variables is prescribed, then the solution mapping method 
can be used to explicitly calculate of the uncertainty in 
model predictions. 

B. Optimization 

The difference between the model response and 
experimental observations is minimized as detailed in [6].  
Explicitly, this minimization is done with least-squares 



optimization that best fits the experimental data given to 
it.   

It is expected that some of the experimental data chosen 
for validation will not be consistent with the optimized 
model, and therefore a consistency measure may be used 
to determine which of the reduction targets should be 
removed.  When a final optimized model has been 
determined, the remaining uncertainty is calculated.  It is 
assumed that all experiments are independent of each 
other and a distribution is defined, termed the target 
distribution, where each target has its own 

iξ , as 
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The optimized model uncertainty is described by an 
expansion similar to (3) that minimizes the difference 
between the predicted distribution (4) and the target 
distribution (5); obtaining this expansion is described in 
detail in [6].  The result is therefore an optimized model 
along with a rigorously-calculated uncertainty. 

C. Model Reduction 

The model optimization procedure detailed above 
produced a chemical kinetics model optimized for 
ethylene combustion.  However, because the model 
contains over 100 species, it is unsuitable for use in 
computational fluid dynamics applications.  As such, a 
reduced form of the model must be developed.  The LOI 
method [3] is used to determine the species that must be 
retained in the reduced mechanism.  In this method, a non-
dimensional lifetime iϑ  is defined for each species such 
that those species that have short lifetimes relative to the 
mean convective time will have very small iϑ , whereas 
those with long lifetimes will have iϑ  close to unity.  This 
lifetime parameter is combined with a calculation of the 
sensitivity of each observable to the species concentration; 
the result is the LOI index, Li. Species with large L will 
have long lifetimes and large sensitivities and so must be 
explicitly included in the reduced model.  It should be 
noted that LOI reduction is used here as an example, and 
MUM-PCE could be just as easily applied for any other 
model reduction methods. 

D. Reduced Model Uncertainty Estimate 

As stated above, the uncertainty estimation procedure is 
similar to the QSSA error discussed in [10].  Consider a 
general dynamical model L, 
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where φ is the solution of L and x is the spatial 
coordinate.  We define two solutions, 

( )D
φ  and 

( )r
φ , 

which are the steady-state solutions to the detailed and 
reduced models, respectively. In [10], the error introduced 
by the QSSA, ∆φ , evolves according to  
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where J is the Jacobian of the detailed model.  This can be 
thought of as using 

( )r
φ  as the initial guess for the detailed 

model and, in the long-time limit, should be equal to the 
difference between 

( )D
φ  and 

( )r
φ .  For a steady state 

problem such as stationery, premixed flames or 
combustion in a perfectly stirred reactor, it is not desirable 

to integrate (7), and so the QSSA error can estimated by 
calculating the rate-of change vector F pf the detailed 
model, and then estimating 

( )D
φ  using a single Newton 

step, 

 ( )( )r−∆ = − 1
φ J F φ . (8) 

This then gives a robust criterion for comparing the 
detailed and reduced model, when coupled with the 
uncertainty analysis performed in section B.  At this point, 
if the predictions of the reduced model do not agree with 
those of the detailed model, the reduced model may be re-
optimized as described in section B, thus ensuring its 
predictive capacity.   
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